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Abstract
Given a set of points P on the Euclidean plane, we consider the problem of constructing a
shortest three-edge-connected Steiner network of P. Let l3(P) denote the length of the shortest
three-edge-connected Steiner network of P divided by the length of the shortest three-edge-
connected spanning network of P, and let inffl3(P)jPg be the inmum of this value over all
point sets P in the plane. We show that for any P,
p
3=26inffl3(P)jPg6(3+
p
3)=5, and there
is a polynomial-time (5=
p
3)-approximation algorithm for the problem. Moreover for those P
whose points lie on the sides of its convex hull, l3(P)> (2 +
p
3)=4, and there exists a fully
polynomial-time approximation scheme for the problem in this special case. ? 2000 Elsevier
Science B.V. All rights reserved.
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1. Introduction
Let P be a nite set of points in the Euclidean plane. A k-edge-connected span-
ning network of P is any k-edge-connected network on the vertices of P, and a
k-edge-connected Steiner network of P is any k-edge-connected network on the set
of vertices that contains P. Here multiple edges are possible, and the length of any
such network is the sum of the Euclidean lengths of edges in the network. Given P,
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let lk(P) denote the length of the shortest k-edge-connected Steiner network of P di-
vided by the length of the shortest k-edge-connected spanning network of P, and let
infflk(P)jPg be the inmum of this value over all possible sets P in the plane. The
Steiner tree problem, which is to nd a shortest connected Steiner network on a given
set (on the Euclidean space, or the rectilinear space, or weighted graphs), was proved to
be NP-hard [6] and has been studied extensively in the past three decades. In particular,
Du and Hwang [4] and Hwang [12] proved inffl1(P)jPg=
p
3=2 on the Euclidean plane
and inffl1(P)jPg= 2=3 on the rectilinear plane, respectively. In addition, Provan [16]
showed that if the given points lie on the boundary of a \convex" region, then Steiner
tree problem on graphs or rectilinear plane is polynomial-time solvable, and a fully
polynomial-time approximation scheme exists for this problem on the Euclidean plane.
Recently Monma et al. [15] and Bienstock et al. [1] studied the problem of constructing
a minimum-weight k-connected spanning network of P, where the weight is dened
by a nonnegative, symmetric function on PP satisfying the triangle inequality. They
proved that under a specied metric for any P, l2(P)>3=4. More recently Hsu and Hu
[10] proved that on the Euclidean plane
p
3=26inffl2(P)jPg62(
p
3 + 2)=(
p
3 + 6),
and l2(P) = 1 when all points in P lie on the sides of the convex hull of P. In a
parallel study, Hsu et al. [11] proved that on rectilinear plane 3=46inffl2(P)jPg66=7
and 2=36inffl3(P)jPg67=8, and if all points in P are on the sides of the rectilinear
convex hull of P, then lk(P) = 1 for even k and lk(P)> (3k +1)=(3k +3) for odd k.
Regarding the background of these problems and other related variations, readers may
be referred to the survey by Hwang and Richard [13] on the Steiner tree problem and
the one by Grotschel et al. [9] on survivable network design problem.
In this paper, we continue our studies on the Steiner network problem along the
line of [10,11]. We concentrate on the problem of constructing a shortest three-edge-
connected Steiner networks of a given set of points P on the Euclidean plane. We prove
that for any P,
p
3=26inffl3(P)jPg6(3 +
p
3)=5, and there exists a polynomial-time
(5=
p
3)-approximation algorithm for the problem. In addition, for those P whose points
lie on the sides of its convex hull, l2(P)> (2 +
p
3)=4, and there exists a fully
polynomial-time approximation scheme for the problem in this special case. We con-
clude the paper with some problems for future study.
2. Technical preliminaries
In this paper, the graph terminologies are used in accordance with [2]. For the
simplicity of notation, an edge between two points p and q is represented by pq or
qp, which will also indicate its length. A three-edge-connected Steiner network N (V; E)
of P with edge-set E and vertex-set V P is often denoted by N without specifying
V or E, unless we have to describe them for certain special purposes, and the length
of N (V; E) is represented by l(N (V; E)) or simply l(N ). The vertices in P are called
terminals (and indicated by circles in our gures), while the vertices in VnP are called
Steiner points (and represented by darken circles in our gures).
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The following results display some structural properties of minimum-weight k-edge-
connected spanning networks.
Lemma 1 (Bienstock et al. [1]). Let H be the class of minimum-weight k-edge-
connected spanning subgraphs; with a nonnegative; symmetric weight function sat-
isfying the triangle inequality. Then H can be restricted to those subgraphs which;
in addition to the connectivity requirements; satisfy the following two conditions:
(1) Every vertex has degree k or k + 1.
(2) Removing any 1; 2; : : : ; or k edges does not leave the resulting connected compo-
nents all k-edge-connected.
As a Steiner network N (V; E) of P can be regarded as a spanning network N (V; E)
of V , Lemma 1 is also true for Steiner networks.
Now we recollect some basic properties and important results concerning the Steiner
tree problem on the Euclidean plane, which will be used in our studies in the next
section.
Lemma 2 (Graham and Hwang [8]). Each Steiner minimal tree of P satises the fol-
lowing conditions:
(a) All leaves are terminals.
(b) Any two edges meet at an angle of at least 120.
(c) Each Steiner point is incident to exactly three edges; and any two of them must
meet at an angle of 120.
A tree interconnecting P and satisfying (a){(c) is called a Steiner tree. It is further
called full Steiner tree if every terminal is a leaf.
Lemma 3 (Du and Hwang [5]). inffl1(P)jPg=
p
3=2.
A polynomial-time -approximation algorithm for a minimization problem is an al-
gorithm A that for each instance I of the problem nds a solution for I with value
A(I) satisfying A(I)6Opt(I); where Opt(I) is the optimal value for instance I , and
whose running time is bounded by a polynomial in the input for I . It immediately fol-
lows from Lemma 3 that minimum spanning tree algorithm [14] is a polynomial-time
(2=
p
3)-approximation algorithm for Steiner tree problem. A fully polynomial-time ap-
proximation scheme (FPTAS) for a minimization problem is an algorithm A that for
each instance I of the problem and > 0, nds a solution for I with value A(I) sat-
isfying A(I)6(1 + )Opt(I); where Opt(I) is the optimal value for instance I , and
whose running time is bounded by a polynomial in 1= and the input for I . See [6]
for the discussion of these two concepts.
Lemma 4 (Provan [16]). There exists a FPTAS for Steiner tree problem in the case
when all points in P lie on the sides of its convex hull; and there does not exist a
FPTAS for Steiner tree problem in general case unless P = NP.
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Fig. 1. Removing crossing edges from N produces N = C(N ) + NnC(N ).
3. Main results
Given a set of points P on the Euclidean plane, let N (V; E) be a shortest three-edge-
connected Steiner network of P. In order to simplify our analysis and argument, we
will get rid of crossing edges in N (V; E) (if any) in the following way: We enlarge
vertex-set V to include all points in V and all intersections produced from edge cross-
ing and modify edge set E accordingly, and then get a new network N (V ; E) with
V V P and l(N ) = l(N ), which can be easily veried to be a shortest three-edge-
connected Steiner network of P. See Fig. 1. Accordingly, as far as the length of the
shortest three-edge-connected Steiner network of P and l3(P) are concerned, we can
just consider N (V ; E).
For the resulting network N (V ; E), we can describe it as a close trail C(N ) enclosing
some subnetworks. See Fig. 1. Let V (C(N )) denote the set of points on C(N ). (Notice
that in Fig. 1 all points in V (C(N )) belong to V except one which is a crossing point
of edges in E.)
Lemma 5. C(N ) is a cycle; and NnC(N ) is a connected spanning network of V and
a connected Steiner network of V (C(N )).
Proof. Suppose, by contradiction argument, that C(N ) is not a cycle, then C(N ) is a
union of at least two cycles, thus C(N ) contains a cut vertex c which is the joint of
two cycles C1 and C2 in C(N ) and has degree four because of Lemma 1. Notice that
c is incident to two edges in C1 (and C2, respectively). Clearly removing these two
edges will cause N disconnected, this contradicts that N is three-edge connected.
By contradiction argument again, suppose that NnC(N ) is not a connected spanning
network of V , then there exist two separated subnetworks N1 and N2 of NnC(N ), i.e.,
there is no path in NnC(N ) connecting N1 and N2. Since C(N ) is a cycle and NnC(N ) is
inside C(N ), there exist two edges on C(N ) which connects N1 and N2 while deleting
them will cause N to be disconnected, this contradicts that N is three-edge connected.
By using the same method we can show that NnC(N ) is a connected Steiner network
of V (C(N )).
In general, Lemma 5 is not true for original network N (V; E), even if it is a shortest
three-edge-connected spanning network of P. See Fig. 2 for a simple example, where
P has four points that produce a square.
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Fig. 2. (a) Shortest 3-edge-connected spanning network N . (b) N nC(N ). (c) Shortest 3-edge-connected
Steiner network.
Fig. 3. Steiner lifting at st.
In order to simplify our notations, we will keep using N (V; E) instead of N (V ; E),
and assume that N (V; E) is
(1) a shortest three-edge-connected Steiner network of P,
(2) has minimal number of Steiner points in V , which consists of terminals, Steiner
points, and crossing points.
From the assumption (1) we know that for any pair of points u and v in V , there are
three edge-disjoint paths in N connecting them. Denote them by pi(u; v); i = 1; 2; 3.
Let s and t be two adjacent Steiner points, where s and t are adjacent to two points
si and ti; i= 1; 2, respectively. The process of deleting s and t together with all edges
incident to them and adding two edges s1s2 and t1t2 is called Steiner lifting of N at
st. It is further called admissible if the resulting network remains three-edge connected
(Fig. 3). From this denition and the assumption (1) we know that N has no admissible
Steiner lifting.
In addition, in our gures a point in N is marked by a circle with dots inside when
its property is not clear, or this is not important with respect to our argument.
Lemma 6. Each Steiner point in N is adjacent to exactly three edges meeting at
120 angles.
Proof. According to Lemma 1, every point in N has degree three or four. Now sup-
pose, by contradiction, that there is a Steiner point s which has degree four. If s is
adjacent to four dierent points, then it follows from the triangle inequality that s must
be the intersection of two edges. This implies that this Steiner point is unnecessary
(in fact, it can be considered as a crossing point in V ), which contradicts assumption
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Fig. 4. Case 1 in the proof of Lemma 7.
(2). If s is adjacent to three dierent points a, b, and c, this means that one of these
points, say a, is connected with s by multiple edges. Now construct a new network N 0
by removing Steiner point s from N (together with those four edges incident to it) and
adding edges ab and bc. It is easy to verify that N 0 is a three-edge-connected Steiner
network of P with l(N 0)<l(N ), this contradicts assumption (1).
Now suppose, by contradiction again, that a Steiner point is incident to three edges
and two of them do not meet at an angle of 120. Then we can relocate this Steiner
point in such a way that it is incident to these three edges while any two of them
meet at an angle of 120. Clearly, the modied network is still a three-edge-connected
Steiner network of P, while its length, according to Lemma 2, is shorter than that of
N , this contradicts assumption (1).
Lemma 7. There is no cycle in N exclusively composed of Steiner points.
Proof. Suppose, by contradiction, that there is such a cycle. We denote it by C, and
label all Steiner points on C by s0, s1, s2; : : :, and denote points adjacent to them by
r0; r1, r2; : : :, respectively. It can be deduced from Lemmas 2 and 6 that there exist
two adjacent Steiner points on C, s1 and s2 (without lose of generality) with r1 and
r2 being outside of C. We will produce a contradiction by showing that there is an
admissible Steiner lifting of N at edge s1s2 on C, or equivalently we will show that for
any pair of points u and v in Vnfs1; s2g, there are three edge-disjoint paths connecting
them in N 0(V 0; E0) obtained from N (V; E) by applying Steiner lifting at s1s2.
Case 1: There exists an edge xy such that fxy; s0s1; s2s3g is a cut set of N . In this
case, xy is not incident to s1 or s2 (otherwise there will exist a smaller cut set of N ),
and Nnfxy; s0s1; s2s3g consists of two separate subnetworks N1 and N2. See Fig. 4.
Now we will use three paths connecting r1 with r2, i.e., pi(r1; r2); i = 1; 2; 3, as
auxiliary paths to reconstruct fpi(u; v); i = 1; 2; 3g in N to make them to be three
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edge-disjoint paths in N 0 connecting u and v. It can be easily veried that all possible
cases associated with pi(r1; r2), i = 1; 2; 3; can be reduced to the case that fpi(r1; r2);
i = 1; 2; 3g are in N1, and p1(r1r2) is r1s1s2r2. Notice that when no path in fpi(u; v);
i= 1; 2; 3g includes s1s2, then we are done, as they, after some minor modication (if
necessary, replacing r1s1s0 and r2s2s3 in N with r1s0 and r2s3 in N 0, respectively), are
three edge-disjoint paths in N 0 connecting u and v. Suppose that one of these three
paths, say p1(u; v), includes s1s2. Then p2(u; v) and p3(u; v) cannot include any edge
in fr1s1; r2s2; s1s2; s1s0; s2s3g. Thus u and v are either in N1 or N2 (otherwise both
p2(u; v) and p3(u; v) use xy). In the former case, p2(u; v) and p3(u; v) are both in N1,
and p1(u; v) can go around s1s2 via a path of C in N2. In the latter case, p2(u; v) and
p3(u; v) are both in N2, and p1(u; v) can go around s1s2 via path p2(r1; r2) in N1.
Case 2: There exist k (> 1) edges, x1y1; x2y2; : : : ; xkyk , such that no point in V is
incident to two of them and fxiyi; i = 1; 2; : : : ; kg [ fs0s1; s2s3g makes a cut set of N .
The above argument for Case 1 can be used to deal with this case in a similar way.
Now according to Lemma 7, splitting N at every terminal will decompose N into a
set of edge-disjoint full Steiner trees, which are called full Steiner components of N .
Lemma 8. Let T be a full Steiner component of N . Then N has no cut set of size
three which includes two edges in T unless it contains three edges incident to a
common Steiner point in T .
Proof. Suppose that there exists a cut set fab; a0b0; xyg, where a; b; a0 and b0 are four
dierent points of T , and no two edges are incident to each other (otherwise we will
nd a smaller cut set of N ). Then N nfab; a0b0; xyg has two separate subnetworks N1
and N2. Notice that there is a unique path T 0 on T joining ab and a0b0, and every
point on T 0 is a Steiner point. Let T 0 = bs1s2    skb0, where k>0. We indicate the
points which are adjacent to si by xi, for i=1; 2; : : : ; k, and denote the points adjacent
to b and b0 by c and c0, respectively. See Fig. 5.
First consider the case of k>1. We will produce a contradiction by showing that
N has an admissible Steiner lifting at bs1, or equivalently, we will show that for any
pair of points u and v in Vnfb; s1g, there are three edge-disjoint paths connecting them
in N 0(V 0; E0) obtained from N (V; E) by applying Steiner lifting at bs1. This time we
use three paths connecting c with x1, i.e., pi(c; x1); i = 1; 2; 3, as auxiliary paths to
reconstruct fpi(u; v); i = 1; 2; 3g in N to make them to be three edge-disjoint paths
in N 0 connecting u and v. It is easy to verify that all possible cases associated with
pi(c; x1), i = 1; 2; 3; can be reduced to two cases: Case 1, p1(c; x1) = cbs1x1, p2(c; x1)
includes edges a0b0 and xy, and p3(c; x1) is in N2; Case 2, p1(c; x1)= cbs1x1, p2(c; x1)
and p3(c; x1) are in N2. In both cases, we can apply the same case-study as we have
done in the proof of Lemma 7. The detailed analysis is omitted.
For the case of k = 0, we can produce a contradiction by showing that N has an
admissible Steiner lifting at bb0 in a similar way.
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Fig. 5. Case 1 in the proof of Lemma 8.
Fig. 6. Split N at every terminal, replace every full Steiner component with its corresponding minimum
spanning tree, and then produce a spanning network N 0.
Theorem 1.
p
3=26inffl3(P)jPg6(3 +
p
3)=5.
Proof. First we will show that for any P,
p
3=26l3(P). In order to do this, we will, (1)
decompose N into a set of full Steiner components of N , (2) replace each full Steiner
component of N with its corresponding minimum spanning tree, and (3) prove that the
resulting network N 0 is three-edge connected. The whole process is demonstrated by a
simple example in Fig. 6. (Notice that N 0 may not be a shortest three-edge-connected
spanning network of P.) In the end, we deduce from Lemma 3 that l(N )>(
p
3=2)l(N 0),
this implies the inequality, since l(N 0) is greater than or equal to the length of the
shortest three-edge-connected spanning network of P.
To show that N 0 is a three-edge-connected spanning network of P, consider any pair
of terminals u and u in P. Given a full Steiner component T of N , from Lemma 8
we know that at most one path in fpi(u; v); i = 1; 2; 3g includes some edges in T . If
no path in fpi(u; v); i = 1; 2; 3g includes edges in T , then after substitution of T they
remain three edge-disjoint paths connecting u with v. Now suppose that p1(u; v) include
some edges in T . When T is substituted by its corresponding minimum spanning tree
T 0, we can reconstruct p1(u; v) by replacing these edges in T with a path in T 0 so
that the modied path p01(u; v) is still edge disjoint with other two paths p2(u; v) and
p3(u; v). Thus there always exist three edge-disjoint paths connecting u with v during
the substituting process. This means that N 0 is a three-edge-connected spanning network
of P.
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Now consider a special set P3 of three points which produce a regular triangle of
unit side. It is very easy to check that the length of the shortest three-edge-connected
Steiner network of P3 is 3+
p
3, while the length of the shortest three-edge-connected
spanning network of P3 is 5. This leads to the second inequality, and then the proof
is nished.
Corollary 1. For any P; there is a polynomial-time (5=
p
3)-approximation algorithm
for constructing a three-edge-connected spanning network of P.
Proof. Apply Christodes’ algorithm [3] to generate a Hamiltonian cycle H (P) of P,
and then combine it with minimum spanning tree MST (P) of P to make a network N 0.
It is easy to verify that N 0 is a three-edge-connected spanning network of P. Moreover
l(N 0) = l(H (P)) + l(MST (P))6
3
2
l(MST (P)) + l(MST (P))
=
5
2
l(MST (P))6
5p
3
l(N ):
This rst inequality follows from the well-known result in [3], and the last inequality
follows from Theorem 1. The proof is then nished.
In the following study we restrict our attention on those P that all points in P lie on
the sides of its convex hull. For this special case, we are able to label each point in P
by ri; i=0; 1; : : : ; jPj − 1, in clockwise order, and denote by C(P) the cycle consisting
of (r0r1    rjPj−1r0).
Lemma 9. Suppose that all points in P lie on the sides of the convex hull of P. Then
C(N ) = C(P); and NnC(N ) is a Steiner minimal tree of P.
Proof. (1) Suppose, by contradiction, that C(N ) 6= C(P), and r0r1 62 C(N ). Then there
exists a path in C(N ) connecting r0 with r1. Denote this path by r0q1q2    qkr1, where
k>1. Now we consider the following three cases.
Case 1: q1 is a terminal. Let q1 = ri. See Fig. 7(a). According to Lemma 1, there
are at most four edges incident to ri. It is easy to check that two of them compose a
cut set of N , since edge r0ri separates the points in P into two parts fr1; r2; : : : ; ri−1g
and fri; : : : ; r0g. This contradicts assumption (1).
Case 2: q1 is an intersection of two edges r0a and q2b. See Fig. 7(b). Now produce a
new network N 0 by replacing r0a and q2b in N with r0q2 and ab. Clearly, l(N 0)<l(N ).
According to Lemma 2 we can deduce that N 0 is three-edge connected. This contradicts
assumption (1).
Case 3: q1 is a Steiner point, where q1 is adjacent to s1 and q2. If s1 = ri, for some
i, then according to Lemma 1, there are at most four edges incident to ri, and it is
easy to verify that two of them compose a cut set of N , since edge q1ri separates the
points in P into two parts fr1; r2; : : : ; ri−1g and fri; : : : ; r0g. This contradicts assumption
(1). Hence s1 is either a Steiner point or a crossing point. In the former case (see
150 D.F. Hsu, X.-D. Hu /Discrete Applied Mathematics 103 (2000) 141{152
Fig. 7. (a) Case 1 in the proof of Lemma 9. (b) Case 2 in the proof of Lemma 9.
Fig. 8. Case 3 in the proof of Lemma 9.
Fig. 8(a)), construct a new network N 0 by applying a Steiner lifting at q1s1; In the
latter case (see Fig. 8(b)), construct a new network N 0 by removing q1 (together with
those three edges incident to it) and adding edge r0q2. In both cases, it is easy to
verify, by using Lemma 5, that N 0 is a three-edge-connected Steiner network with
l(N 0)<l(N ), this contradicts assumption (1).
Therefore, C(N )=C(P). It follows from Lemma 5 that NnC(N ) is a Steiner minimal
tree of P. The proof is then nished.
Corollary 2. Under the same assumption of Lemma 9. There is a FPTAS for the
problem of constructing a shortest three-edge-connected Steiner network of P.
Proof. According to Lemma 9, the shortest three-edge-connected Steiner network of P
consists of C(P) and the Steiner minimal tree SMT (P) of P. As there is a polynomial-
time algorithm to construct C(P) (see [7]), and a FPTAS for the Steiner tree problem
in this case (refer to Lemma 4), integrating these two algorithms can make a FPTAS
for producing a shortest three-edge-connected Steiner network of P.
Theorem 2. Under the assumption of Lemma 9; l3(P)> (2 +
p
3)=4.
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Proof. Let N? be a shortest three-edge-connected spanning network of P. According
to Lemmas 9 and 3, we have
l(N ) = l(C(P)) + l(SMT (P))>l(C(P)) +
p
3
2
l(MST (P)):
Since a Hamiltonian cycle of P and a minimal spanning tree of P can compose a
three-edge-connected spanning network of P, we have l(N?)6l(C(P)) + l(MST (P)).
In addition, it is obvious that l(MST (P))<l(C(P)). Therefore
l3(P) =
l(N )
l(N?)
>
l(C(P)) +
p
3
2 l(MST(P))
l(C(P)) + l(MST(P))
>
2 +
p
3
4
;
and then the proof is nished.
Let N? be a shortest three-edge-connected spanning network of P. Then we can
show the following result by applying the same approach that we have used to study
the shortest three-edge-connected Steiner network.
Lemma 10. Under the assumption of Lemma 9; C(N?) = C(P).
Note, however, that although C(P) and a minimum spanning tree of P can be
constructed in polynomial time, Lemma 10 does not imply that the shortest three-edge-
connected spanning network of P can be produced in polynomial time, since N?nC(P)=
N? nC(N?) may not be a minimum spanning tree of P. See Fig. 2 for a simple
example.
4. Concluding remarks
In this paper we have studied the problem of constructing a shortest three-edge-
connected Steiner network of a given set of points P on the Euclidean plane. We
have proved that 0:8660  p3=26inffl3(P)jPg6(3+
p
3)=5  0:9464. One important
and interesting problem is to narrow the gap between the lower bound and upper
bound. We conjecture that the exact value of inffl3(P)jPg is (3 +
p
3)=5. Analogous
results for shortest three-vertex-connected Steiner networks are also of great interest for
further research. Our arguments in this paper heavily rely on those structural properties
of Steiner minimal trees. Thus acquiring similar results for shortest k-edge-connected
Steiner networks with k>4 demands new techniques, since every Steiner point is
incident to at least four edges. In addition, one may also consider the problem of
constructing a shortest Steiner network N (V; E) of P such that there are k edge-disjoint
paths connecting each pair in P (instead of each pair in V as we require in this paper
and [10]). This problem is proposed by an anonymous referee. Note that for k = 2; 3,
by using Lemmas 1 and 6 one can easily reduce this problem to the problem that we
have studied here and in [10].
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